Notes on Mathematics for Power Electronics
Roger King, Prof. EECS

Fourier Series for the Periodic Waveform x(t)

X(t) = Xpc + 2, ap cosnwt + 2 by sinnwt
n=1

n=1

where

Xpc = + [0 xdt = & [ x(ot) d(ot)

2n
an = % | X(ot) cosnt d(wt)

by = = jzn X(wt) sinnwt d(wt)

2
T=%

Alternate Form for the Fourier Series

X(t) = Xpc + 2. Cn cos(Nwt — wn)
n=1

where

Ch = JaZ + b2

wn = tan ‘1[2—2] (four-quadrant arctangent)
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Waveform Attributes for the Periodic Waveform x(t)

DC (average) value:

Xoc = + [, xdt = 2 [ " x(@tyd(wt)

RMS value:

Xrms = /% fyxemdt = /ZA {27 x2(et) d(@t)

or in terms of Fourier components

ers=\/X2Dc+T+T+T+T+...

or

— 2 1 £
ers—\/XDC+ 2 t 2t .-

Average power conveyed by the v(t)-i(t) pair:

2n

Pave = £ [ vtyichydt = £ [

V(wt) i(wt) d(wt)

or in terms of the Fourier components

ay18j1 by,1bj1 ay28j2 by 2 bj2
Pavec = Vpclpe + 2 + 2 + 2 + 2

or

Cv,1 %1 Cv,2 Cj2

PAVG = VDC'DC + L 2 COS(@[/Vyl—l//iﬁl) + 2 COS(l//vyz—!//i,z) + ...



Notes on Mathematics for Power Electronics
Roger King, Prof. EECS

Useful Trigonometric Identities

sin(-x) = —sin(x) = sin(x+n) and  cos(-x) = cos(x) = —cos(x+ )
sinx = cos(x—7%)

cosx = sin(x+ %)

sinfA+B) = sinAcosB + cosAsinB

cos(AFB) = cosAcosB + sinAsinB

cosAcosB = 2[cos(A+B) + cos(A-B)]
sinAsinB = 3[cos(A-B) — cos(A+B)]

sinAcosB = 3[sin(A+B) + sin(A-B)]

sinA + sinB = 2sin[3(A+B)]-cos[$(AFB)]
cosA + cosB = 2cos[2(A+B)]-cos[3(A-B)]

cosA — cosB = —2sin[3(A+B)]-sin[2(A-B)]

Sin2x = 2SinXCoS X

Cos2X = 2¢0s2Xx — 1 = 1 — 2sin®X = cos?x — sin®x

siny = £ ,/5(1—cosx) + depends on the quadrant of 5

cosy = *.,/5(1+cosx) + depends on the quadrant of %

tan$ = Lgox _ s JLCOSX 4 depends on the quadrant of &
sin?x = (1 — cos2x)

cos?x = (1 + cos2x)
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a coswt + b sinmwt = ¢ cos(wt— y)

B
(Sin)
where ¢ = Ja?+b? 4
Ps1=+225deg
=-135deg
and y = tan![2] /N > A
(Cos)
. Exampl
Four-quadrant arc tangent (not principal value). Vi
B=-1

See example figure above; example below.

—coswt — sinwt = /2 cos(wt — 225°) = 2 cos(wt + 135°)

M-1 M-1
ngo cos(wt — nzv” = ngo sin(owt — nZV” = 0 (complete phasor set identity, M phases)

cos(wt) + cos(wt—4) + cos(wt—“E) = 0 (the three-phase case)

Useful Integrals (n and m are integers)

: . _ sin(n-m)x sin(mm)x  -¢ 9 2
j sinx sinmx dx = == — S8 ifnf=m
. _ —cos(n-m)x cos(mm)x -2 o 2
f sinx cosmxdX = —r 55" = T TNT#EM
_ sin(n-m)x sin(n+m)x  .¢ o 2
J cosnx cosmx dx = SHENE 4 ST ifn? £ m

J x sinax) dx = % sinax — % cosax

J x cos(ax) dx = Z cosax + % sinax

s 02 X sin 2nx
fsm nxdx = 5 — =4

2 X sin 2nx
[ cos?nxdx = % + =2

[ sinnx cosnx dx = — <2
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Useful Definite Integrals (n and m are integers)

2 . . 2n . 2n .

jo sinnx sinmx dx = fo sinnx cosmx dx = fo cosnx cosmx dx = 0 if n? #m?
T s

jo sin?nx dx = jo cos’nxdx = 5 forn=0
2n . o 2n 2

fo sin“nx dx = fo cosnxdx =  forn+0

n forn+0

2n . 2n
Jo sin?nxdx = [, cos?nx dx
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Attributes of Common Waveforms

A. Sine Wave x(t)

Xp

27 47

2 B ot

_XP
average value Xg = 0

X
rms value Xms = 7;’

Fourier series X(t) = Xp sinwt

B. Half-Wave Rectified Sine Wave x(t)

Xp

| /\ /; m
w 57T

2 ™ 27 3w 4

X
average value Xg = &

T
Xp
rmsvalue Xems = -

H H _ Xp Xp o 2Xp & cosnot
Fourier series x(t) = = + - sinwt — — n§:22 D n even only

X X . 2X
2 + 2 sinot — SE[$ cos2wt + & cosdot + & cosbwt + ... ]
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C. Full-Wave Rectified Sine Wave x(t)
Xp

= Wt
8 ™ 2T 3T 477 57

2X
average value Xg =

X
rmsvalue Xms = ?;’

2Xp aXp &
T - T

Fourier series  x(t) cosnot

Z Gemn  hevenonly

2X 4X
= - Z2[% cos2wt + & cosdwt + & cosbwt + ...

D. Two-Pulse Controlled Rectifier Waveform x(t)

—»| |e—— olphe
Xp
g — : \ = ot
] ™ 27
detum

2Xp
average value Xgc = —%-c0Sa

X
rmsvalue Xms = Tg

Fourier series

2X 2Xp & 2pot + (2p+1 2pot + (2p-1
x(t) = P cosa + =P 21 cosprn {cos{ paz)p++(lp+ Ja]  cosl pa2>p+_(1p )a] }
p:

2

X 2X ®
or  x(t) = ==cosa + 3 C2pCOS(2pat + zp)
p:
_ 1 ___2co0s2a 1
where Cop = \/(2p+1)2 (2p+1)(2p-1) + (2p-1)2
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E. Three-Pulse Controlled Rectifier Waveform x(t)

I'_ alpha

Xp —>

«—27
3
2 [ 1 1 = wt
2 n 27w
datum
3J/3X

average value X = B cosa

3/3Xp 242 n
rmsvalue Xms = =% — |9+ + 5.5 C0s2a

. . 3/3 Xp 3/3Xp & cos[3pwt + (3p+1)al cos[3pwt + (3p—1)al

Fourier series x(t) = —5.—c0sa + —- pgl cos pn{ 71 - 31 }

3/3 3J3 *
or  X(t) = %cow + ‘;XP p§1 C3p COS(3pwt + ¢zp)

_ 1 ____2c0s2a 1
Where C3p - \/(3p+1)2 (3p+1)(3p_1) + (3p71)2
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F. Six-Pulse Controlled Rectifier Waveform x(t)

‘ -l e—ar
o — } } £ Wt
2 ” 27
detum
3Xp
average value Xgc = —%-cosa
3Xp | 72 b3
rmsvalue Xms = T\/E sy coS 2a
. . 3Xp 3Xp & [ cos[6pwt + (6p+1)al cos[6pwt + (6p—1)al
Fourier series  x(t) = —=—cosa + & pgl{ fpr1 - Bp—1 }

3X 3X x
or X)) = -C0Sa + = P cos(6pat + ¢ep)

_ 1 ____2c0s2a 1
where Cop = \/(6p+1)2 6p+1)(ep-1) T (6p-1)2
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G. Square Wave x(t)

Xp
2 = o
2 2 4

_XP
average value X4 = 0
rms value Xyms = Xp
= . . 4Xp X sin(n%)

ourier series  xty = 0 + — ngl = C0S nwt for n odd only

4X
= [coswt — +cos3wt + Lcos5wt — TcosTwt + ... ]

H. Triangle Wave x(t)

A

i >
) 27 a7
_XP
average value X4 = 0
Xp
rmsvalue Xms = 5
. ] 8xp © sin(nk
Fourier series  x(t) = 0 + — 2 E—zzj cos Nt for n odd only

—[coswt — §cos3wt + 55 cos5wt — 5 cos Tt + ...]

10
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I. Pulse Waveform x(t) (“D” is the duty factor)

Xp | |

e +— D2

2 = ot
-D7l D7

average value Xg = D Xp

rms value Xims = VD Xp

- - 2X o0 .
Fourier series x(t) = DXp + —- ) (0807 ) cos nevt for all n

sin2Dn sin3Dx

2X .
= DXp + —-[sinDz-coswt + P cos2mt + B cos3wt + ...

J. General Sawtooth Ramp Waveform x(t) (“D” is the duty factor of the rising slope)

) } } = Ot
\/n 1’1\/211 47 \
~Xp

The “sweep” waveform is either of two special cases: D = 1, illustrated below, or D = 0, not
shown.

11

]
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average value X4 = 0

X
rms value Xms = T’E
- - x© -
Fourier series  x(t) = 21 b, sinnowt forall n
n=
where
b. — 2Xp  sin(nDx)
N~ n2z2 D(1-D)

and for the two special cases:

b, = 22 for D=0

2X
by = —m-cosnt for D=1

rev. April 2009
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